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Abstract In a previous paper (Lu et al., Mechanics of Time-Dependent Materials, 7, 2003,
189-207), we described methods to measure the creep compliance of polymers using
Berkovich and spherical indenters by nanoindentation. However, the relaxation modulus is of-
ten needed in stress and deformation analysis. It has been well known that the interconversion
between creep compliance and relaxation function presents an ill-posed problem, so that con-
verting the creep compliance function to the relaxation function cannot always give accurate
results, especially considering that the creep data at short times in nanoindentation are often
not reliable, and the overall nanoindentation time is short, typically a few hundred seconds. In
this paper, we present methods to measure Young’s relaxation functions directly using nanoin-
dentation. A constant-rate displacement loading history is usually used in nanoindentations.
Using viscoelastic contact mechanics, Young’s relaxation modulus is extracted using nanoin-
dentation load-displacement data. Three bulk polymers, Polymethyl Methacrylate (PMMA),
Polycarbonate (PC) and Polyurethane (PU), are used in this study. The Young’s relaxation
functions measured from the nanoindentation are compared with data measured from con-
ventional tensile and shear tests to evaluate the precision of the methods. A reasonably good
agreement has been reached for all these materials for indentation depth higher than a certain
value, providing reassurance for these methods for measuring relaxation functions.

Keywords Young’s relaxation modulus - Nanoindentation - Viscoelasticity - Polymer -
Berkovich indenter - Spherical indenter - Conical indenter

1 Introduction

Nanoindentation provides an effective technique to measure the local mechanical properties
at the microscale and nanoscale (see, for example, Li and Bhushan, 2002; Liu et al., 2005).
Methods for measuring elastic-plastic properties, such as Young’s modulus and hardness,
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have been well established (Doerner and Nix, 1992; Oliver and Pharr, 1992). In recent
years progress has been made on the measurements of some viscoelastic properties using
nanoindentation. Cheng et al. (2000) derived analytical solutions for linearly viscoelastic
deformation under flat-punch indentation, and provided a method to measure viscoelastic
properties described by a three-element viscoelastic model using a flat-punch indenter. Lu
et al. (2003) developed methods to measure the viscoelastic functions of polymers in the
time domain (creep compliance). Huang et al. (2004) developed a method to measure the
viscoelastic functions in the frequency domain. Odegard et al. (2005) investigated the dy-
namic viscoelastic behavior of several polymers at different amplitudes and frequencies of
harmonic loading. Vanlandingham et al. (2005) measured the relaxation modulus under a
near-step displacement and creep compliance using approximately a step loading, and inves-
tigated the applicability of linear viscoelasticity in nanoindentation on polymers. Cheng and
Cheng (2005) derived an expression of unloading stiffness for a linearly viscoelastic solid
under nanoindentation; they also performed analysis of conical and spherical indentation into
viscoelastic solids to derive the equations of complex modulus (Cheng et al., 2006). Huang
and Lu (2006) developed a method to measure two independent viscoelastic functions using
a Berkovich indenter and an axisymmetric one, such as a spherical or a conical indenter.

Most commercial nanoindenters use force control; the applied force and the resulting
displacement as a function of time are recorded to determine the material properties. With
the use of force control, viscoelastic analysis will produce creep characterization. In the
analysis of stress and deformation, however, the Young’s relaxation modulus is often needed.
While the relaxation modulus can be determined from creep compliance, using

t
/ E()Jt— d =21+ )t (€))]
0

with E(t), J(t) and being Young’s relaxation function, shear creep function and a constant
Poisson’s ratio, respectively. However, this equation is ill-posed (Hopkins and Hamming,
1957; Emri and Tschoegl, 1993, 1994, 1997; Tschoegl and Emri, 1992, 1993; Nikonov et al.,
2005). A small error in the shear creep compliance can lead to large errors in the relaxation
modulus. In addition, solving this interconversion relation requires creep data at short times,
which are often not available as nanoindentation at short times corresponds to shallow depths
at which nanoindentation data are not accurate at all (Lu et al., 2003). Consequently, deducing
a relaxation function from the creep compliance data using the interconversion relation
compromises the accuracy of the relaxation function. As a result, the creep compliance
and the relaxation modulus should be measured from two separate nanoindentation tests to
improve the measurement accuracy. To date, work is sparse on the measurement of relaxation
modulus via nanoindentation as described by a general viscoelastic model. In this paper, we
present methods to measure the Young’s relaxation modulus directly from nanoindentation
using a constant-rate displacement history. We derive equations to calculate the Young’s
relaxation modulus for the use of Berkovich and spherical indenters. The resulting Young’s
relaxation modulus is then compared with data determined from conventional measurements
to examine the approach presented.

2 Analytical prerequisites

We turn to the derivation of the equations for calculating Young’s relaxation modulus under
a constant-rate displacement history using either the Berkovich or spherical indenter tip.
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a constant Poisson’s ratio , the load-displacement relation for a conical indenter is

2 t
P(t)—m/() Et— )

It should be repeated that to use Equation (4) the contact area between the indenter and the
half-space should not decrease with time (Lee and Radok, 1960; Ting, 1966); this condition
can be satisfied with the use of a constant-rate displacement history.

For indentation at a constant-rate displacement history, for which
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with Vj being a constant indentation velocity, Equation (5) becomes
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Equation (6) is next re-written as
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Using the recorded nanoindentation load-displacement data, the relaxation modulus as a
function of time can be determined with Equation (7). However, since at the beginning of the
contact (such as when the depth is less than 50 nm) the nanoindentation load/displacement
data are not accurate, due to limitation in the system and the initial plowing effect, Equation (4)
cannot be readily used for small displacements. Also, because solving the integral equation
requires iteration starting with initial estimates at low depths or small times, it is not well-
advised to apply Equation (7) to the nanoindentation data for determining the relaxation
function. We will provide next two other approaches in an attempt to circumvent the diffi-
culties associated with the small depths of nanoindentation.

The first approach relies on differentiation. We form the derivative of Equation (7) with
respect to time t,
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and next apply another time derivative on both sides of Equation (8), yielding
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By virtue of h = Vjt, Vy = const., Equation (9) can also be rearranged into
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It appears that Equation (10) is simple to use. However, due again to the fact that the
load-displacement data from nanoindentation measurements are scattered, use of raw
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nanoindentation data to determine the derivative can induce errors. The errors, however,
can be reduced with the use of appropriate curve fitting technique to cast the nanoindenta-
tion data into smooth functions such as polynomial/exponential functions or neural network
fitting.

Another approach is to consider the correlation between nanoindentation data and the
load-displacement relation described by Equation (6) with the use of appropriate viscoelastic
model for the material. For the linearly viscoelastic material, we use the generalized Maxwell
model for the Young’s relaxation modulus

N
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where Eo, Ej are relaxation coefficients, and ; are the reciprocals of relaxation times.
We substitute Equation (11) into (6) and find
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Since h(t) = Vyt, we rewrite Equation (12) into
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After fitting Equation (13) into the load-displacement curve from nanoindentation tests,
the parameters such as relaxation numbers and the reciprocals of the relaxation times can
be determined; these parameters can be used in Equation (11) to determine the Young’s
relaxation modulus.

For a spherical indenter pressed into a linearly viscoelastic, isotropic and homogeneous
half-space, the nanoindentation load-displacement relation is by way of the Lee-Radok result
(1960)
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Applying the displacement history of Equation (5) to this equation leads to
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We use, again, the relaxation modulus E(t) represented by a generalized Maxwell model in
Equation (11) in Equation (15), and have
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computed by the use of Equation (10). Using the differential method, the relaxation moduli
for PMMA, PC and PU were determined, and are shown in Figures 5, 7 and 9, respectively,
marked by “Berkovich-Differentiation”.

It is noted from Figures 5, 7 and 9 that, the relaxation functions measured using the
differential method tend to approach the conventional data after passing an initial time,
associated with small indentation depths where nanoindentation measurements were not
accurate. When the indentation depth is “larger”, the Young’s relaxation functions measured
from the differential method closely approaches a constant value. These behaviors do not
represent the realistic tendency of the relaxation behavior of PMMA, PC or PU. This is
perhaps due to the error caused by the differentiation of the nanoindentation load data shown
in Equation (10). In comparison the curve-fitting method tends to be more reliable and more
accurate than the differentiation method.

In additional indentation measurements, a diamond spherical indenter with a tip radius
of 106 m was used to measure the relaxation modulus of the three polymers. A constant-
rate displacement history was applied in all indentation tests. The displacement rates as
measured by the nanoindenter were 4.9 nm/s, 9.7 nm/s, and 6.3 nm/s for PMMA, PC, and
PU, respectively. For each polymer, the load-displacement data used for the calculation
of the Young’s relaxation modulus were the average of at least three indentation tests at
different locations. Figure 10 shows the load-displacement curves for the three polymers
from nanoindentation using the spherical indenter tip.

Equations (15)—(17) were used to analyze the load-displacement data from indentation
with spherical tips. Since the relaxation modulus E(t) cannot be determined by differentiating
Equation (15), the differentiation method as used for the Berkovich indenter is not applicable
for the spherical indenter. On the other hand, due to the difficulty involved with the inte-
gration of Equation (17), a closed-form relation between indentation load and displacement
cannot be obtained. Consequently, a simple equation for the spherical indenter does not ex-
ist to fit experimental load-displacement data directly to determine the Young’s relaxation
modulus. However, a numerical solution of Equation (17) can still be used to extract the re-
laxation function by allowing numerical load-displacement data to match the corresponding
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relaxation functions via nanoindentation of a rigid Berkovich indenter. For nanoindentation
with a spherical indenter, a curve-fitting approach was described to measure the relaxation
function. Nanoindentation tests were conducted on three polymers, PC, PMMA and PU.
The relaxation functions of the three polymers were measured using these methods, and
were compared with the data measured from conventional tests. The comparisons show a
reasonably good agreement between nanoindentation and conventional data for each of the
three polymers, thus validating the methods presented. These methods can avoid solving the
ill-posed problem for obtaining the Young’s relaxation function from the interconversion of
creep compliance as measured using load-controlled nanoindentation, and have the potential
for application to the measurement of relaxation moduli when small amounts of viscoelastic
material are available, such as when thin solid films or MEMS are concerned. This tool can
also be applied to characterize local viscoelastic behavior of inhomogeneous materials in
which properties vary spatially, such as in bones and nanocomposites.
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